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Abstract 

We shall present examples of Schauder bases in the preduals to the 
hyperfinite factors of types Hi, IIoo, IIIa, < A < 1. In the semifinite 
(respectively, purely infinite) setting, these systems form Schauder bases 
in any associated separable symmetric space of measurable operators (re- 
spectively, in any non-commutative L p -space). 

1 Introduction 

A sequence x = {x n } n >i in a Banach space X is called a (Schauder) basis of X 
if, for every x £ X there exists a unique sequence of scalars {a n } n >i so that 

X ^ ^ OL n X n . 
n>l 

A sequence x such that x n ^ for all n and [x„]„>i = X forms a basis of X if 
and only if there is a constant c so that for every choice of scalars {a n }j =1 and 
integers m < k we have 

|| a 3 X j\\x<c\\ a X AU ( Cf - P]). 

l<j<m l<j<fe 

The smallest such constant c is called the basis constant of x. In this note we 
shall be concerned with the construction of Schauder bases in spaces of oper- 
ators associated with the hyperfinite factors of type II and IIIa, < A < 1. 
In the setting of symmetric spaces of measurable operators affiliated with the 
hyperfinite factors of type II and with some hyperfinite von Neumann alge- 
bras of type Ioc the problem was recently considered in [TTJ HH H] where 
"non-commutative Walsh system" , "non-commutative trigonometric system" 
and "non-commutative Vilenkin systems" were constructed. However, as with 
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their classical counterparts, these systems fail to form a Schauder basis in the 
preduals. In order to construct a Schauder basis in the preduals to the hyper- 
finite factors, we use an analogy with another classical function system (which 
forms a Schauder basis in every separable symmetric function space on (0, 1) 
[SHU]), namely with the Haar system. 

Acknowledgements. We would like to thank professor J. Arazy and pro- 
fessor A. Pelczyhski for useful discussions. 

2 Preliminaries. 

Let M be a von Neumann algebra with a fixed faithful normal state p. Let M* 
stand for the predual of M, we consider this predual as a subspace of M* con- 
sisting of all normal linear functionals equipped with || ■ ||* := || ■ ||m*) cf. [161 
Theorem 1.10]. 

We consider several different norms on M. || • || is the operator norm. The 
norm || • ||» of the predual M* induces the norms || • | ; and || • ||b on M by means 
of the left and right embeddings x G M — > xp := p(-x) G M* and x G M — > 
px := p(x-) G M», respectively. These embeddings are injective and the ranges 
of M under these embeddings are dense in M*, [H HI]- Thus, if Mjj and Mb 
are completions of M with respect to the norms || • and || • ||b, then these 
spaces are isometric to M*. Obviously, || ■ || > || ■ ||j and || • || > || • ||b, and 
the embeddings M C Mj and M C Mb are continuous. Let us also note that 
the space (resp. Mb) is a left (resp. right) module with respect to M, i.e. 
xa G Mj (resp. ax G Mb) provided a G M and x G Mj (resp. x G Mb), moreover 
we have 

IIHIm,, < IMIm, ||a|| (resp. ||ax||]vt b < ||a|| H^HmJ- 
We introduce left (resp. right) L p -space associated with the algebra M as 

^(resp. bjW-^'^esp. 1 < P < OO. (1) 

Here, [•, is the method of complex interpolation, [2]. The space L^, p ^(M) 
is isomorphic to Haagerup's L p -spaces L P (M), [20j. Clearly, i^ respi b) 

(M) = 

M|j( r osp. b) and £j° = = M. Moreover, the Hilbert space L^ rcsp ^(M) co- 
incides with the completion of M with respect to the inner product (x,y)$ := 
p(y*x) (resp. (x, y)\> := p(xy*)), x,y € M. We refer the reader to [H1HH], f° r mr " 
ther details on this construction and also to [2U] for construction of Haagerup's 
.L p -spaces. 

In this note, we shall prove the results for the left norm || • The argument 
for the right norm || • |jb is generally the same. We shall make appropriate 
remarks when it is necessary. 
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We denote by a p the modular automorphism group for the state p, i.e. the 
unique automorphism group of M such that (i) p(x) = p(a P (x)), t E M, x E M 
and (ii) for every x,y E M, there is a complex function f x ,y(z) bounded in the 
strip S and holomorphic in S, where S = {z E C : < Im z < 1} such 
that p(a P (x) y) = f x , v (t) and p(ycr P (x)) = f x>y (t + i), cf. Section 9.2]. 

Let N C M be a von Neumann subalgebra such that the modular group a p 
(with respect to M) leaves N globally invariant. In this case the restriction of a p 
onto N gives the modular group of p\w in the algebra N and we can speak about 
the modular action a p without referring to the particular algebra Ji or M. In 
this (and only in this) setting, according to the main result of [T5], there is a 
norm one projection £ : M — > N, which we call conditional expectation, such 
that 

(a) p(x) = p(£x), x E M; 

(b) E(axb) = a£(x)b, d,JeN,ieM; 

(c) < £(x)*£(x) < E(x*x). 

We now show that the existence of the conditional expectation implies that 
(i) Nj continuously embeds into Mj and (ii) the space is a 1-complemented 
subspace in Mjj. (i) follows from the inequality 

IMIm,, :=||a:p||M» = sup \\yW~ 1 \p(yx)\ 
(since = sup |/?(£(y)x)| 

(since ||£(y)|| < \\y\\) < sup \p{yx)\ 

= \\xp\\x. = IklUj) x eN. 

For (ii), it is sufficient to show that 

||£(aOI|x, < \\x\\m v xeM. (3) 

Let us recall, that the predual M* is a subspace of M* consisting of all normal 
linear functionals. Let us consider the mapping £' : M* — > given by £'(^) = 
<fi\j{. It follows from the properties (a) - (c) of £ above that 



£'(xp) = E(x)p and E'(px) = pE(x), xeM. (4) 

Now <j3j> follows from |4]), since £' is a norm one linear operator. It follows 
from @ and (J3J) that the embedding C Mj is isometric and therefore, the 
space Wjj is a 1-complemented subspace of Mj. 

It this paper, we only consider von Neumann subalgebras N C M, which 
are globally invariant under a p . Therefore, we shall refer to the norms in the 
spaces 3\fj and Mj simply as || ■ ||j without specifying the particular algebra. 
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The assertions above may be similarly carried to the right predual space and 
to L p spaces (left and right) by interpolation. That is, the space -kj( rosp 
is 1-complemented in £j( resp b )(N), I < p < oo and £j( resp [,)(N) embeds iso- 
metrically into ij (rcsp b) (M), 1 < p < oo. 

3 Matrix spaces. 

Let i/fN and < a < | be fixed throughout the text. Let N„ be the class of 
all complex 2 V x 2 !y -matrices with the unit matrix 1„. Tr is the standard trace 
on matrices. The state p v on Ji v is given by 

V 

p v {x)=Tr{xA v ), A„ = (g) 

fe=i 

The definition of the state p,, immediately implies that 

p v+ll {x®y) = p v {x) Pn{y), x eN v ,y 6^. (6) 

We consider the ultra-weak continuous ^-isomorphic embedding i u : N„ — > 3Nf y+ i 
given by 

= x <g> li, ieN„. (7) 

Due to ([6]), we have that p u+ x{i v (x)) — p v {x), x <G J{ V1 i.e. the restriction of the 
state p u +i onto the subalgebra i u (N v ) is equal to the state p v . 

The modular automorphism group of the state p v is given by a%" (x) = 
A^xA~ u , t e R, x e X„. Indeed, 

^K"(x)y) = Tr{A 1 v +u xA^ it y) = / XiW (t), 
ft,(yof (*)) ~Tr(A^xA 1 k ~ it y) = f x , y (t + i), 

where the holomorphic function / X)JI is given by f x ,y{z) = Tr(Al +lz xA~ lz y), 
x,y € N,,. Therefore, it is readily seen that the group a Pv + 1 leaves the sub- 
algebra i„(N„) globally invariant. According to the preceding section, the 
space i v (Ji v ^) is 1-complemented in Ji v+ \^ and the mapping i v embeds N^jj 
isometrically into N^+ij. We denote £„ the norm one projection jj — > 

i„(N„.jj). From now on, we shall refer to the norms in the spaces N^u simply 
as || • || u omitting the index 

Similarly, we introduce the L p -space L p v ^ := L^^H V ), v > 1 and we refer to 
the norm in this space as || • \\$ tP - 

We also introduce the p-th Schatten-von Neumann norm || • \\c , 1 < p < oo 
on N v as 

\\x\\ Cp := (Tr((a;*a;)5))i, x G >f„. 



Q 







1 - a 



(5) 
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|| • || c M stands for the operator norm. We denote Cp the matrix space N„ 
equipped with the norm || • ||<j , 1 < p < oo. We now may express the norms || ■ ||j 
and || • ||b as 

\\x\\i = ||sbA„|| Ci , ||z||b = HAvxHd, rceX,,. (8) 

The last identities may be carried to the L p -spaces associated with N v as follows. 

Remark 1. We fix v 6 N and consider the function f* : C x p\f„ + N^) — > 
C^+C^ given by 

For every fixed z G C, /|(-) := /"(z, •) is a linear operator JnT^+TnT^j) — > Coc . 
Thus, we may consider fK as a function on the complex plane with values 

in B(N V + NvfaC^? + C[ v) ). Here B(X, Y) is the Banach space of all bounded 
linear operators X — » Y . The function /K is holomorphic on < Re z < 1. It 

follows from ([5]) that the mapping f\, it is an isometry between c{ and 

for every i e I. On the other hand, the mapping ff t is clearly an isometry 

between and N^, for every t G R. Thus, interpolating, we obtain that the 

mapping f\ is an isometry between Cp and a , i.e. 

p 

INU)l = lkA!|| Cp , 16^,. (9) 
Similar argument for the right spaces gives 

\\x\\p, b = \\Alx\\ Cp , xeLl y (10) 

Let e„ = {e^}o<j<4" be the matrix units in 3\f„ given in the shell enumer- 
ation, cf. [H31 [T] , see also the proof of Theorem (TTH| . The system of matrix 
units e„ forms a basis of C p with the basis constant 2, cf. [TQl Theorem 2.1]. 
The next lemma shows that this system remains a basis with the same basis 
constant 2 with respect to the norms || • || Pj jj and || • |L [,, 1 < p < oo. 

Lemma 2. For every < m < A v , every 1 < p < oo and any complex num- 
bers dj € C, < j < A v , we have 

II X! a 3 ^WpMresp. b) < 2 || ^ a j e j V WpMresp. b)- 
0<j<m 0<j<4 v 

Proof. Let P v , m be the basis projection corresponding to the number < m < 
4 V . The projection JV im is a Schur multiplier, i.e. 

where o is the Schur (entrywise) product of matrices and 

EO) 

0<j<m 
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Let us note that the Schur product is commutative and multiplication by a 
diagonal matrix is a special case of Schur multiplier. Thus, the claim of the 
lemma follows from the result QUI Theorem 2.1], the identities ©, ©, (0 
and the fact that the operator P v>m commutes with left and right multiplication 
by a diagonal matrix, i.e. 

Pv,m{xA. u ^) = P v ^ m (x) PlJ^ and Py^^Kj^x) — h.J' 1 ' P v m (x"). 

□ 



At the end of the section we establish the explicit formula of the projection Z v 
on elementary tensors, i.e. 

£«0® y) = pi(y)iu{x), xeK^ye^!. (11) 

To this end, consider the Hilbert spaces JCj, := which is the matrix 

space Nj,, equipped with the inner product (x,y),y = p„(y*x), x,y € N„ 
and observe that the projection Z v as an orthogonal projection in the Hilbert 
space onto the subspace i„(J{J,). If {fj}o<j<4» is an orthonormal basis 

m "Kl, then, using ([6j), we obtain (fTT|) as follows 

0<j<4" 

= Pi-(v){fh x )>> i »{fi) 

0<j<4" 

= Pi{y)iv{x), x e 7i u ,y € X x . 



4 The Haar system. 

We shall construct the Haar system on with respect to p v inductively. Let 
us first note that we construct two Haar systems: the left and the right Haar 
system, which coincide when p v is a tracial state. We shall show the construction 
of the left Haar system. At the outset, we fix an orthonormal basis of H\ p that 
is elements rj € Ni, < j < 3 such that 



Pi(r*r k ) = S jk , 0<j,k<3. (12) 



We define the Haar system inductively. The Haar system hi in Ni is the system 
hi = {r , n, r 2 , r 3 }. If h„ = {/i^}o<j<4^ is the Haar system in N„, then the 
system h„ + i = {h^ +1 ^} < j<4l ,+i given by 

(, + i )= f^(^)-(l^r ), if 5 = 0; < x 
J ^(e^Hl^r,), if 5^0;' " 

j = 4 ,y g + A:, < q < 3, < k < ^ 
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is the Haar system in !N„+i. 

We shall now present an inductive estimate of the basis constant of the 
system h„ in the space 

Theorem 3. If Cv,% is the basis constant for Yi v , then, we have 

ci )t | < E INI INI» 

0<j<3 

and 

3 

c v+u < maxKj ||r || 2 , ||r || 2 + 2 ]T ||r 9 || 2 }. 

9=1 

Proof. For the first inequality, it is sufficient to note that, if x = X)j=o a i r i' 
then a, = pi(r*x), < j < 3, sec (fT2")l . therefore, |aj| < 1 1 r ^ | ||a;||j and 

II J! ^Nll< E INI* W« E H r ill Nil. 0<m<4. 

0<j<m 0<j<3 0<j<3 

Let rj,„ := 1„ ® rj, < j < 3. We shall estimate the constant Cu+i^ in the 
inequality 

ii E ^^h^c+mII E ( 14 ) 

0<j<m 0<j<4" + 1 

where < m < 4 l/+1 . We first establish the estimate 

II E «i^°lllt<IMIII E <*ihj V+1) h ( 15 ) 

0<i<4" 0<j"<4" + 1 

This inequality follows from the observations that (cf. (fTT|) . (fT^| and (flB"]) ) 

and that the left multiplication is a bounded operation in || • ||(j. It follows 
from (Tl5|) that, for < m < 4", we have 



= INI || E «#ll«<^»l|r-o|||| E 

0<j<m 0<j<4" 

<c,,»||r || 2 || X! 

0<j"<4" + 1 



Therefore, if < m < 4", then the constant in (|14[) . admits the estimate 

Cv+M < c„,j) ||r || 2 . (16) 
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Let us next establish the estimate 

|| £ a^ +1) || s <2||r g || 2 || £ (17) 

qi" <j<qi" +rn 0<j<4" + 1 

1 < q < 3, < to < 4". 
To this end, we observe that, according to (fTTj) and (fl"2"l) . for 1 < q < 3 

c'(^«>r"))=(f-- T - i<(q+1)i " ; 

J 10, otherwise. 

Thus, if P v . m is the projection from Lemma[2j then the left side can be obtained 
from the right side in (jTTJ) via the mapping x — > r qv i v (P v rn i~ x {ti v {r* q v x))) and, 
therefore, (flTl) follows. 



Finally, if 4^ < m < A u+1 , then, combining (fT5j) and (fTTj) . we obtain for the 
constant in (fl"4"]) the estimate 

c, + u<||r || 2 + 2^||r g || 2 . (18) 

9=1 

The theorem is proved. □ 

Remark 4. For the right Haar system the construction is the same, except we 
start with the system {ro, r%, r%, r^} such that 

Pi(rjr* k ) = 6 jk , 0<j,k<3. (19) 

Clearly, in the proof of Theorem [3l all references to the left multiplication should 
be replaced with those to the right multiplication. Thus, we obtain that the 
right Haar system basis constant c v ^ admits the similar estimates: 

ci> < E ini ii r jii b 

0<j<3 

and 

3 

<V+i,b < maxK, b ||r || 2 , ||r || 2 + 2 E ||r 9 || 2 }. 

9=1 

Remark 5. Inspection of the proof of Theorem [3] shows that the main ingredient 
of the proof is (i) Lemma [2] and (ii) the fact that the left multiplication by a 
bounded operator is continuous in the norm || • ||j uniformly v > 1. Clearly, 
both these ingredients hold in the space L p v 1 < p < oo. Thus, the Haar 
system (fTB")) . is a basis in L v v More precisely, the constant c[fjj which guarantee 
the inequality 

ii E ^^iub < <SJ ii E 

0<j<m 0<j'<4" 
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for every < m < A v and every complex scalars ay , admits the estimate 

cg< E iwiinu* 

0<j<3 

and 

c { :l u < max{cS ||r || 2 ; ||r || 2 + 2 £ ||r 9 || 2 }. 

9=1 

The similar estimates hold true for the right spaces L p v b and the right Haar 
system. 

Remark 6. The construction of the Haar system may be generalized as follows: 
in the inductive definition (|13[) for each inductive step from h„ to h„ + i we can 
use its own set {ro , r i > r 2 > } which possesses the property (fT2"|) (or (TE)|) . 
if we build a right Haar system) . Theorem [3] remains valid in this case with 
obvious changes to the estimates of the constants c„ ^ IBSp \,y 

We shall refer to the system h. v constructed above as ha\r , ri, r 2 , r 3 ) in 
the sequel to stress the fact that the Haar system depends on < a < \ 
and {rj}o< 3 <3- 

Corollary 7. The system h^\rQ,ri,r2,r^), where {rj}o<j<3 satisfies (|12p 
(resp. (|19[) ) and ||ro|| < 1, is a feasis m ?sf^.t( (resp. N„ j, j ™£/i i/ie &asis con- 
stani uniformly bounded with respect to v G N. 

5 The hyperfinite factors Hi and III a, < A < 1. 

The collection of the algebras {(N^, Pv)}v&\ together with the embedding ([7]) 
forms a directed system of C* -algebras, Section 11.4]. The inductive limit of 
this system possesses a state p a , induced by p u , v > 1. We denote the GNS 
representation of this inductive limit with respect to the state p a as Dl Q . 3l a is a 
factor of type III a if < a < \, with A = and a factor of type Hi if a = h. 
The properties of the factor Ji a are collected in the following lemma. We also 
refer the reader to [?i Section 12.3], where the representation of the factor "R a 
as a discrete crossed product is given. 

Lemma 8. 5i a is a matricial factor which possesses a distinguished faithful 
normal state p a . With J4 U , p v , v£N defined in the previous section, there are 
ultra-weakly continuous ^-isomorphic embeddings ix v : J4 U — > 3i a , v G N such 
that 

(i) the embedding i v : J4 U — > given in 0; carries into tt u (J4^) C 

(ii) the state p v is induced by p a and tt u , i.e. p v (x) = p a {'K ll (x)), x G N„, 
moreover, the automorphism group o~ Pa leaves every subalgebra 7r„(N„) 
globally invariant; 
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(Hi) the set U^>i7r ly (3Nf t/ ) is dense in 3i a with respect to the weak operator topol- 
ogy- 

From now on we shall identify the algebras 3\f„ with 7r„(N„), i^eH. Since 
the group a Pa leave the subalgebras N„, v 6 N globally invariant, it follows 
from the preliminaries that, for every 1 < p < oo, we have 

£i,tt c . .. C £^ jj c £^ +ljtl c . .. C L^(0l a ), (20) 

and all embeddings here are isometric. Thus, we may refer to the norms in all 
these spaces as || • omitting the index v e N. Moreover, these embeddings 
are 1-complemented, i.e. there is norm one projection 

£„:££(*<,)-►£*,,, ^N. (21) 

We also note that \A V ^L V V » is norm dense in Lj(3l a ), 1 < p < oo, since 

lim \\EJx) - x\Lh = 0, ielM A ), 1 < p < oo. (22) 

The last statement (and its right counterpart) is established in |5 s Theorem 8]. 

Since the space 3i a is not separable, the convergence (f2"2"|) can not be extended 
to the norm || • ||. Nonetheless, we have the ultra-weak convergence in this case, 
namely 

Lemma 9. For every x € and <p £ 3? Q ,*, we have 

lim cf)(8. v (x) — x) = 0. 

1/ — >oo 

Proof. The proof is straitforward. At first, from (|22|). we have 

\p a (y (M^) - x ))\ < \\y\\ \\£v( x ) ~ x h ~> °> as v ~> 00 > fta- 

The latter means that we proved the lemma for the special case <fi — 
y G 3i a . Since the linear subspace {py} y eoi a is norm dense in 3? aj * and the 
projections £„ : Ji a — ► N„ are uniformly bounded, ^ € N, the general case now 
follows from [TBI Lemma 1.2]. □ 

Alternatively, we may look at the tower (|20|) from inductive limit point of 
view as follows (see [131 p. 135]) for definition of inductive limits of Banach 
spaces) 

Theorem 10. Ifl < p < oo. the collection of Banach spaces {L p v A v &i together 
with the embedding ((JJ) forms a directed system of Banach spaces. The inductive 
limit of this system is isomorphic to £?(3i a ). 
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Let us further note that the identities ([5]) and © mean that the Banach 
spaces L p „ and are isometric with the isometry given by 

se^-^A^gCM. (23) 

Applying this isometry to the directed system {L p v ^\ v ^ together with the em- 
bedding i v we obtain 

Corollary 11. The collection of matrix spaces {Cp^}i/eNj 1 < P < oo, equipped 
with the p-th Schatten-von Neumann norm, together with the embedding 

x G C<"> -» x ® A\ /p G 

zs a directed system of Banach spaces with the inductive limit isomorphic to 
Haagerup's space L p (5l a ). 



6 Haar system (cont.) 



Consider the left (resp. right) Haar system = h« (ro, r\, j-3), where the 
system {^}o<j<3 satisfies (|T2"j) (resp. (HU) such that ro = li- It then follows 
from and (O that = i u {h { " ] ), < j < 4", v £ N. Thus, we 

can construct a unified left (resp. right) Haar system h Q = h a (ro, 7*1, r^, fa) — 
{hj}j> in 3? Q as hj — n v (h^), provided < j < 4". As a corollary of 
Theorem [3l we now have 



Theorem 12. 77ie left (resp. right) Haar system h a forms a basis in the 

Space Ra.^resp. b) • 

Proof. To prove that h a is a basis, we need to prove (i) h Q is a basic sequence 
and (ii) the linear span of is dense in R a ,i (resp. "R a ,\>)- The first part is 

□ 



(24) 



where A = jzr^- The system ha satisfies (fT2|) (resp. (p~9|) . if r% replaced with r|). 
Thus, from Theorem 1121 we have 

Corollary 13. The left (resp. right) Haar system h a = h a (ro, ri, ^3), 
where {rj}o<j<3 eire given in (j2"4"l) . is a basis in the predual of the hyperfinite 
factor III\. 



contained in Theorem [3] and the second one is guaranteed by ([22 
As an example of the system h„\ we now take the system 

r = li, n 



1 








1" 







-VX" 


-Vx_ 


, r 2 


1 


, r 3 = 


1 

yx 
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For the special case a = 5, the system (j2"4")l turns into 

f = 1 
and we also have 





'1 " 




"0 


1" 




i) -1" 


h = 


-1 


. T 2 = 


1 





, ^3 


1 



(25) 



Corollary 14. The Haar system hi = hi (fo, ri, ?2, V3) is a basis in the predual 
of the hyperfinite factor II\ [Ri . 

Let us next consider the diagonal subalgebras A v C ]ST„, i/£N. The weak- 
operator closure of U„£N"v("Av) forms an Abelian subalgebra A a in H ai which is 
isomorphic to ^^([O, l),m a ), cf. :7J Section 12.3], the algebra of all essentially 
bounded m a -measurable functions on [0, 1), where the measure m a is given by 



«([^7.-o^])= n[( i - c >+ e -( i - a )]' 



(26) 



where < k < 2 V and e s are binary digits of k, i.e. e s — 0, 1 such that 

fc = e 2 n + e 1 2 1 + ... + e l/ _ 1 2^ 1 . 

Since .A a is commutative, we have that A a ,$ = A a ^ — A a< *. The modular au- 
tomorphism group a Pa (resp. a p ") leaves the subalgebra A a (resp. A v ) globally 
invariant. Thus, the embedding A a ,* Q 3^a,tj(resp. b) (resp. A v ,* C N^^p. \>)) is 
isometric and complemented. Let £ be the norm one projection £ : Ji a — ► A a . 
We denote by the same letter E the norm one projection £ : 3^a,tj(resp. t>) a,* ■ 
The projection £ : N„ — ► A v vanishes on all non-diagonal matrix entries. Hence, 
we obtain that, if h Q = h a (ro, ri, r2, 7*3) = {hj}j>o is the left (or right) Haar 
system, with respect to (|24l) . then 

£(/ij) = hj, if A v < j < 2 • 4" and ^ = v(e^ } ) • (1„ n) 
with k = j — 4" and el being a diagonal matrix 
unit, see (TTT 



£(^ 



0, otherwise. 



(27) 



Clearly, this implies that the non-zero subsystem Xa — {Xj}j>o °f £(h Q ) form 
a basis of j4 q .*. From (|13|) and ()27|) . we obtain that, Xo = r 0i Xi — r i and, 
if 2" <j <2 u+ \ 



Xj 



(l^n), j = 2" + fc, 0<fc<2", 



(28) 



where is the fc-th diagonal matrix unit in Ji v . When a = ^, the system %i 
is the classical Haar system, cf. [13 Section 2.c]. Thus, we have 

Corollary 15. The system \a, given in (|28|) is a basis of L\([0, 1), m a ). In 
particular, for a — ^ i/iis system coincides with the classical Haar system 
on £i(0,l), |21 Section 2.c/. 
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Remark 16. Every result in this sections extends to the L p -spaces associated 
with the factors IIIa and Hi. If p = oo, then the results still hold true with 
norm convergence replaced by ultra- weak convergence, cf. Lemma [HI 

Remark 17. In analogy with the classical Haar system, we shall call the sys- 
tem (f!H|). and its derivatives rj >u = lw ® rj, < j < 3, v € N i/ie (non- 
commutative) Rademacher system. Due to unconditionality of martingale dif- 
ferences in the spaces 1 < p < oo, [17l [TBI Q3] , the Rademacher system 
is an unconditional basic sequence in L p (Jii), 1 < p < oo. 

7 Factors of type IIIi and Hqq. 

Here we shall consider the construction of bases in the preduals of the factors 
of type IIIi and IIqo. Since these two factors may be reduced to the factors of 
type III a, Hi and I,^ by means of tensor products, we shall first consider the 
extension of the Haar system construction over preduals of tensor products. To 
this end, it is useful to recall the notion of Schauder decomposition, [llj . 

Let D = {Dj}j>i be a system of projections in a Banach space X such 
that DjDk = 0, j ^ k. The system D is a Schauder decomposition of the 
Banach space X if and only if the series Y^jLi DjX converges to x in the norm 
of X, for every x £ X. As for bases, we have the equivalent criteria for the 
system D to be a Schauder decomposition of X, [TTJ. Namely, a system D = 
{Dj}j>i, DjDk = 0, j 7^ k is a Schauder decomposition of X if and only if 
(i) [Dj(X)]j>i = X; (ii) there is a constant c such that 

|| V" Djx\\ x <c\\ V" Djx\\ x , xeX, 1 < m < n. 

We fix two von Neumann algebras N and M equipped with faithful normal 
states p and (j>, respectively. The tensor product algebra N<g>M with respect to 
the product state p ® 4> is the weak operator completion of the GNS represen- 
tation of the tensor product C*-algebra N ® M with respect to the state p® 4>, 
cf. Chapter 11]. 

We shall consider the algebra N as von Neumann subalgebra of 3Vt under 
the embedding x — > x(&\, x It clearly follows from the modular condition 
that 

of®* (a; 2>y) = of (a:) ®trf(v), x £ N, y e M, t e R. 

Thus, the modular group a p ®* leaves subalgebra N globally invariant, and 
therefore, the results in the preliminaries are applicable. In particular, the 
left predual Nj is isometrically embeds into (N<g)M)ti, and the space Nj is 1- 
complemented in (N(g)M)(j. Let us denote the corresponding projection as E-jj. 
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As in (jlip . we obtain the explicit formula for the projection £^ on elementary 
tensors 

Eyj(x®y) = (x® l)<f>(y), xeNjeM. (29) 

Let us fix an orthonormal basis y = {yj}j>i C M in the predual Mj, i = 1,2. 
We assume that 

4>(y;vk) = s jk . (30) 

Having basis y and the expectation £^ at our disposal, we can construct the 
associated system of projections D = {-Dj}j>i of the predual (N<i)M)jj by 

D jZ = {l®y j )£.x((l®y j )* z), z€W«M. (31) 

The left multiplication by an element of the tensor product N<g>M is a bounded 
operator on (3\T<g>M)j. Therefore, the operators Dj are indeed bounded linear 
operators on (N<g>M)j. The fact that Dj are projections and that DjD k = 
if j k follows from (f2"9")) and (|3"0)) . Furthermore, the identities (f2"9"| and (f5U|) give 
the explicit formula for the projection Dj on the algebraic tensor product N®M. 
Indeed, if a k S X, b k G M, 1 < fe < n and 

frfc = ^a fcs a ks e C 

S>1 

is the expansion of the element b k with respect to the system y in Mj , then 

Dj{ ^2 a k ®b k ) = ^2 a kj a k ®y,j. (32) 

l<Ai<ri l<k<n 

Since the algebraic tensor product N ® M is norm dense in (3\f<E>M)j and the 
norm in the space (3\f<g)M)j is a cross-norm, we get [Dj(N®'M)]j>i — (N®JA)$. 
In general, it is not the case that the system D constructed above is a Schauder 
decomposition of the Banach space (N®M)fl. 

Theorem 18. J/x = {xj}j>i and y = {y k } k >i are two bases in Njj and Mj, 

respectively, such that the associated systems of projections E = {Ej}j>i 
and D = {-Dfc}fe>i, defined in pip, are Schauder decompositions of the Ba- 
nach space (N(§)M)|j } £/ien i/ie product basis z — x® y := {xj ® yfc}j,fc>i 7 taken 
in the shell enumeration, is a basis in the predual (3\f<S)M)jj. 

Proof. The proof is rather standard. The shell enumeration assigns to a 
pair (j, fe), j, k > 1 the number s(j, fc) defined by 



s{j, k) 



(k-lY+j, ifj<k; 
j 2 - k + 1, if j > k. 



Let z = {z s } s >i be the system z in the shell enumeration. It is clear that the 
linear span of the system z is dense in (3\f<£>M)jj. Thus, to prove the theorem, 
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we have to establish, that there is a constant c such that 

II ^ a s z s |jfl < c || ^2 a s z s \\ h a,eC,l<ra<n. 

l<s<m l<s<n 

Without loss of generality we may assume that n = nf , for some n-i > 1. There 
is an integer mi > 1 such that either of the relations is true (i) m\ + 1 < m < 
mf + mi or (ii) m 2 + mi + 1 < m < (mi + l) 2 . Let us consider the first option, 
for the second one the argument is similar. We have 

ii a ^«iit)<n Y a sz s \k+}\ Y a » z »\u 

l<s<m l<s<m\ mf+l<s<m 

= 11 Y a s<J,k) x 3 ®Vkh (33) 

l<j,fc<mi 

+ 11 Y a s(i,mi)Xj ® Vrmh 
l<j<m— ro? — 1 



2= = X! a s( 3 ,k)Xj ®yk, 

l<s<n l<j,A;<ni 



Letting 



it then follows from (|32p that latter two terms on the right hand side in 
are given by 

l<j,k<-mi 

and 

l<j<m— m^— 1 

where Pj and are partial sum projections with respect to the decomposi- 
tions E and D, respectively, i.e. Pj = J2i< s <j E * ancl Qk = J2i< s <k D ^ Tmls , 
we continue 

|| J2 °«*4«<ll P »»»iQ™i(«)lllt + ll^m-m?-l^Wi(*)ll|t<c||% 
l<s<m 

The latter inequality is due to the fact that the partial sum projections are 
uniformly bounded. The claim of the theorem follows. □ 

We consider two specific examples. Firstly, we take M = B(t\). In this 
setting the algebra INT (g> M may be considered as the space of all bounded nx n- 
block matrices with entries in ]\f. The latter observation means, in particular, 
that the system of projections E = {Ej}j>i, (|3"Tj) . associated with the matrix 
unit basis e is a Schauder decomposition of the predual (X(gM)jj, see the proof 
Lemma [2] Let us also note that the Schauder constant of the system E is 
uniformly bounded with respect to dimension of 
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As another example, we take M = 9? Q , < a < \. We fix the Haar 
system h a = h a (ro, r±, r%, r 3 ) = {hj}j>i, where the Rademachers {fj}o<j<3 
are given in (|2"3jl . We denote the associated system of projections by H Q = 
H Q (r , r\, r 2 , r 3 ) = {Hj}j>i. To establish, that the system H Q is a Schauder 
decomposition in (N®M)fl we only need to verify, that there is a constant c such 
that 

II Y H i z h^ c W Y H i z Wh ^eM(g)M, l<m<n. 

The proof of the latter inequality is based on the following theorem. 

Theorem 19. Let (Ji v ,p v ) be the algebras from the preceding sections and 
let N(g)?\r„ be the tensor product von Neumann algebras equipped with the product 
states p®p v , Let lci£' = h^' (r , n, r 2 , r 3 ) = {hj }j>i, where {r 3 -}o<j<3 

satisfies IT2|) . be the left Haar system in 7i v . Lf H« = Ha\ro, r%, r%, r 3 ) is the 
associated decomposition defined by (|31[) . then the minimal constant c, which 
guarantees the inequality 

II Y H j V)z h<*>A Y H ^ z \\h z e N®>f„, < m < A v , 

0<j<m 0<j<4" 

admits the same inductive estimate as that in Theorem^ 

The proof of Theorem [TH] is essentially a repetition of that of Theorem [Jl we 
leave details to the reader. Thus, we obtain 

Theorem 20. The system H a = H Q (ro, r\, r 2 , r 3 ) = {i/j}j>i, associated with 
the Haar basis h Q (ro, ri, r 2 , r 3 ), where {^j}o<j<3 gwen &y ((Ml), is a Schauder 
decomposition of the Banach space (3\f(£>9£ a )jj. 

Now we may apply the results above to the hyperfinite factors IIIi and IIoo- 
It is known that IIIi = HI Ai <§>IIIa 2 , where ^ Q and 11^ = IIi^Ioo, 

cf. See the definition of h Q and hi in Corollaries fT51 and fHl obtain 

Corollary 21. The system z = h Ql g)h a2 , a* = A A _|_ 1 , i = 1,2, ^ ^ Q, is a 
basis in the predual of the hyperfinite factor of type IIIi ■ 

Corollary 22. The system x = higie, is a basis in the predual of the hyperfinite 
factor of type I/oo . 

Remark 23. Similarly to preceding sections, all results above hold true in the set- 
ting of left and right L p -spaces associated with the factors of type IIIi and IIoo ■ 
Moreover, the system hi (resp. hi gj e) from Corollary fHl (resp. |2"2"|) forms a 
basis in any symmetric operator space E(Jii) (resp. E(M)), where 3ii (resp. M) 
is a hyperfinite factor Hi (resp. IIoo) and E is separable rearrangement invariant 
function space (see definitions and further references in 0]). 
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